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This paper generalizes two previously known tehniques for generating minimally oupled
Einstein-salar eld solutions in 4 dimensions; the Buhdahl and Fonarev transformations. Two
generalizations are made: i) the transformation is generalized to arbitrary dimension, and ii) the
new transformation allows vauum solutions with non-zero osmologial onstant as seed. Thus, by
applying this solution generation tehnique, minimally oupled Einstein-salar eld solutions an
be generated from vauum solutions with arbitrary osmologial onstant in arbitrary dimension.
The only requirement to a seed solution is that it posesses a hypersurfae-orthogonal Killing vetor
eld. The generalization that allows us to use seed solutions with arbitrary osmologial onstant
unovers a new lass of Einstein-salar eld solutions that has previously not been studied. We
apply the new solution transformation to the (A)dS4 vauum solution. Transforming the result-
ing Einstein-salar eld solution to the onformal frame, a two-parameter family of spatially nite,
expanding and aelerating osmologial solutions are found that are onformally isometri to the
Einstein stati universe R × S3. We study null geodesis and nd that for any observer, the solu-
tion has a osmologial horizon at an angular distane of pi/2 away from the observer. A subset of
these solutions are studied in partiular: A solution of this kind has an initial point singularity that
vanishes at early times as well as another point singularity that emerges at late times. The solution
is non-singular in between those events. The late time singularity is hidden behind an event hori-
zon, and these solutions an therefore be naturally interpreted as expanding osmologies in whih a
salar blak hole is formed at late times. The energy density is positive denite only in parts of the
parameter spae. The onformally oupled salar eld satises the weak energy ondition as long
as the energy density is positive, while the strong energy ondition is generally violated.
PACS numbers: 04.20Jb, 04.50.+h, 11.10Kk, 04.40.Nr
I. INTRODUCTION
The physial relevane of salar elds in today's gravitational physis and osmology primarily stems from i) their
key role in urrent models of early osmologial ination, with preditions that to an astonishing degree have been
onrmed by reent osmologial measurements [1℄, and ii) the viability of salar eld models as andidate models for
dark energy [2℄[3℄[4, 5℄. The fat that salar elds are inevitable artifats of string theory [6, 7℄ provides additional
rationale for studying salar elds. The ontinuing fous on extra-dimensional models in fundamental physis provides
motivation for studying salar elds in dimensions higher than 4.
There is an extensive literature on known Einstein-salar eld solutions. In a reent paper, Wehus and Ravndal [8℄
provide a good historial overview of the various Einstein-salar eld solutions relevant for the present paper. Solution
generation is a powerful method of disovering new solutions and unovering relationships between dierent solutions.
There are numerous examples of solutions to the Einstein-salar eld equations, whih were unovered using solution
generation tehniques, that would be extremely hard to derive by other means, inluding solving the eld equations by
brute fore. The way these solutions typilly have been derived is by rst nding a new solution generation tehnique
that transforms a lass of vauum solutions into a lass of Einstein-salar eld solutions. Subsequently, this tehnique
is applied to a known vauum solution of the Einstein equations to generate a new solution to the Einstein-salar eld
equations. Tehniques for generating both stati as well as time dependent solutions are known by know.
Buhdahl [9℄ derived stati solutions to the minimally oupled Einstein-salar eld equations in 4 dimensions
by applying a partiular transformation to vauum solutions of the Einstein equations. He applied the solution
generation tehnique to the Shwarzshild solution and obtained the general stati, spherially symmetri solution to
the minimally oupled Einstein-salar eld equations for a massless salar eld. This partiular solution had been
derived earlier by solving the eld equations diretly, rst by Bergmann and Leipnik [10℄ and later by Janis, Newman
and Winiour [11℄ . The Buhdahl transformation was later redisovered by Janis, Robinson and Winiour [12℄.
∗
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2The stati, spherially symmetri salar eld solutions in 4 dimensions were generalized to arbitrary dimension by
Xanthopoulos and Zannias [13℄ by solving the Einstein-salar eld equations in arbitrary dimension.
The ation for a salar eld onformally oupled to Einstein gravity in 4 dimensions was formulated by Callan,
Coleman and Jakiw [14℄. Boharova, Bronnikov and Melnikov found a stati, spherially symmetri blak hole
solution to the onformally oupled Einstein-salar eld equations by diretly solving the eld equations. This
solution, however, was not known in the West until muh later. Independently, Bekenstein [15℄ found a solution
generation tehnique that from an arbitrary solution to the massless, minimally oupled salar eld equations in 4
dimensions ould generate two solutions to the massless, onformally oupled salar eld equations. He rst applied
the Buhdahl transformation to the Swharzshild solution and then his solution generation tehnique to generate
onformally oupled, spherially symmetri solutions. The blak hole solution of Boharova et. al. is among the
generated solutions. This solution is now known as the BBMB salar blak hole solution. The Bekenstein solutions,
inluding the BBMB blak hole, were later redisovered by Frøyland [16℄. Maeda generalized the Bekenstein solution
tehnique to arbitrary dimension [17℄. The Bekenstein tehnique is very general, and applies to any solution to the
minimally oupled salar eld equations.
Husain, Martinez and Núnez found a time dependent, spherially symmetri solution to the minimally oupled
salar eld equations with zero salar potential [18℄. This solution was interpreted as a model of salar eld ollapse.
Soon after, Fonarev found a tehnique for generating time dependent solutions to the Einstein-salar eld equations
in 4 dimensions from stati vauum solutions to the Einstein equations [19℄ that extended the Husain et. al solution
to non-vanishing salar potential. By ombining his tehnique with the Bekenstein transformation, he identied a
time dependent, onformally oupled solution that desribes the formation of a salar blak hole. Feinstein, Kunze
and Vázquez-Mozo later generalized the Fonarev solutions to ve dimensions [20℄ .
In this paper, we will fous our attention on solutions to the minimally oupled Einstein-salar eld equations in
arbitrary dimension. We will identify a lass of solutions that inludes both the Buhdahl as well as the Fonarev
solutions. This lass of solutions an then be ombined with the Bekenstein transformation in order to generate
onformally oupled salar eld solutions.
In Setion II, we review the minimally oupled salar eld ation and the Einstein-salar eld equations. Setion III
reviews the general form of the vauum solutions we will use as seed for the transformation. In Setion IV, we provide
a brief review of the Buhdahl transformation in 4 dimensions. Setion V introdues the lassiation sheme that
later will be used to label the dierent solutions. Setion VI ontains our main results, as it proves the new solution
transformation. The setion ends by providing the new solution transformation in a unied form that enapsulates
both the Buhdahl and Fonarev transformations. Finally, in Setion VII, we study an example solution of the new
kind, derived from an (A)dS4 vauum solution. There are two appendies: Appendix A ontains expressions that are
useful for onformal transformations. Appendix B provides, for refrene purposes, the generalized Bekenstein theorem
in arbitrary dimension and for arbitrary salar potential.
II. EINSTEIN-SCALAR FIELD ACTION AND FIELD EQUATIONS
This paper deals with solution generation tehniques for minimally oupled salar elds. The solutions sought are
solutions to the minimally oupled oupled Einstein-salar eld equations. Let us briey review the Einstein-salar
eld ation and the eld equations derived from it when the ation is extremalized. In N dimensions, the ation for
a salar eld minimally oupled to gravity is
S[g, φ,Λ, V ] =
∫
dNx
√−g
(
1
2κ
(R[g]− 2Λ)− 1
2
gαβ∇αφ∇βφ− V [φ]
)
, (1)
where Λ is a osmologial onstant, κ ≡ 8πG, G being the Ndimensional gravitational onstant and V [φ] is an
arbitrary salar potential of the salar eld φ. Hereafter, we will inlude Λ in the potential term, dening an eetive
potential W [φ,Λ] ≡ V [φ] + κ−1Λ. We get the minimally oupled Einstein-salar eld equations by extremalizing the
above ation:
Rµν [g]− 1
2
gµνR[g] = κ
(
∇µφ∇νφ− 1
2
gµνg
αβ∇αφ∇βφ− gµνW [φ]
)
(2)
φ− dW [φ]
dφ
= 0. (3)
∇α is the ovariant derivative assoiated with the metri g, and  ≡ ∇α∇α is the N dimensional Laplae operator
of this metri. Rµν [g]and R[g] are the Rii tensor and Rii salar for an arbitrary metri g.
3By ontrating equation 2, we an rewrite this equation as
Rµν [g] = κ(∇µφ∇νφ+ 2
N − 2gµνW [φ]) (4)
III. ORTHOGONAL-SYMMETRIC GEOMETRIES
All solution transformations derived or referened in this paper use vauum solutions as seed[22℄. By vauum
solution, we mean a solution to the vauum Einstein equations with an arbitrary osmologial onstant Λ. We will
require the seed solutions to possess a hypersurfae-orthogonal Killing vetor eld [21℄, in whih ase it is possible to
hoose oordinates for whih the line element assoiated with the metri g for the this geometry takes the following
anonial form:
ds2[g] = ǫe2U(x)dy2 + e−2U(x)hijdx
idxj . (5)
The oordinate y is a parameter of the integral urves of the Killing vetor eld, ǫ = −1 or 1, depending on whether
the Killing vetors are time-like or spae-like, U(x) is a salar funtion that is independent of the y-oordinate and
e−2U(x)h is the metri of a foliation of N−1 dimensional hypersurfaes orthogonal to the y-diretion with oordinates
{xi, i = 1, .., N − 1}. In the following, we will use g[U, h] to denote a metri written on the form of eq. 5:
g00[U, h] = ǫe
2U(x), gij[U, h] = e
−2U(x)hij, g0i[U, h] = 0 (6)
Throughout the paper, we will refer to this type of geometry as a geometry with an orthogonal symmetry or
being orthogonal-symmetri. Likewise, we will refer to a metri of the form of eq. 6 as a metri with an orthogonal
symmetry or an orthogonal-symmetri metri. Several well-known stati vauum solutions to the Einstein equations
are orthogonal-symmetri, inluding the Shwarzshild solution and the Weyl solutions. The Kerr solution is an
example of a spae-time geometry that is not orthogonal-symmetri. Although the Kerr solution is stationary, whih
means that it has a time-like Killing vetor eld, its t = const hypersufaes are not orthogonal to the time-like Killing
vetor, and its metri an not be put on the anonial form of eq. 5.
An important lass of orthogonal-symmetri geometries is the lass of geometries with a time-like Killing vetor
orthogonal to a set of spae-like hypersurfaes. These are stati geometries, whih posess metris on the anonial
form:
ds2 = −e2U(x)dt2 + e−2U(x)hijdxidxj .
Both the Buhdahl and Fonarev transformations were derived using stati seed solutions on this form [9, 19℄.
Beause it will beome useful in later derivations, let us evaluate the Rii tensor of an arbitrary orthogonal-
symmetri metri written on the form of equation 5 in terms of the salar funtion U(x), the N − 1 dimensional
metri h and its orresponding Rii tensor Hij ≡ Rij[h]. A lenghty alulation reveals the following expressions for
the Rii tensor:
R00[g] = −ǫe4U (∇2U − (N − 4)hkj∂kU∂jU) (7)
R0i[g] = 0 (8)
Rkj[g] = Hkj − (6−N)∇jU∇kU + hkj(∇2U − (N − 4)hil∂iU ∂lU) + (N − 4)∇k∇jU, (9)
where ∇2 ≡ ∇i∇i ≡ hkj∇k∇j . Similarly, we may express the N dimensional Laplaian operator  in terms of the
N − 1 dimensional Laplaian ∇2 :
φ = e2U(x)(∇2φ− (N − 4)hil∂iU∂lφ) (10)
IV. THE BUCHDAHL TRANSFORMATION
Before we treat the general ase, let us briey review the Buhdahl transformation [9℄. Starting with a stati vauum
solution to the Einstein equations with vanishing osmologial onstant in 4 dimensions, the metri gˆ = g[V, h] an
be written on the form of eq. 5:
ds2[gˆ] = −e2V (x)dt2 + e−2V (x)hijdxidxj ,
4where V (x) is a salar funtion of the spatial oordinates xi. We will seek stati solutions to the massless Einstein-
salar eld equations, eqs. 3 and 4 with metris on this form. Sine gˆ is the metri of a vauum solution to the Einstein
equations, it follows from eq. 7 that V must satisfy the 3 dimensional Laplae equation, ∇2V = 0. Furthermore, by
applying eq. 9, we nd that
Hkj − 2∇jV∇kV = 0 (11)
Now, let us write the Einstein-salar eld equations eqs. 3 and 4 for a general orthogonal-symmetri solution. The
salar eld equation, eq. 3, takes the following form, using eq. 10 and that we are restriting our attention to a salar
eld with zero potential:
∇2φ = 0 (12)
The Einstein equations take the following form, using eqs. 7 and 9 and assuming a stati salar eld:
∇2U = 0 (13)
Hkj − 2∇jU∇kU + hkj∇2U = κ∇jφ∇kφ (14)
Asserting that φ and U both are funtionals of V , i.e. φ = F [V ] and U = K[V ], we an rewrite eqs. 13 and 14:
∇2U = K ′′[V ]∇αV∇αV +K ′[V ]∇2V = 0 (15)
Hkj −
(
2K ′[V ]2 + κF ′[V ]2
)
∇jV∇kV = 0 (16)
Using that that V satises the Laplae equation ∇2V = 0 as well as eq. 11, we get the following onstraints for the
funtionals F and K:
K ′′[V ] = 0
κF ′[V ]2 + 2K ′[V ]2 = 2
This gives
K = αV +K0
F = σV + F0,
where α, K0 and F0 are arbitrary onstants and σ is a onstant that satises σ
2 = 2κ (1−α2). K0 just gives a sale
fator that an be absorbed by resaling the oordinates, so we may set K0 = 0. Assuming that g is asymptotially
at, F0 is the asymptoti value of the eld φ, so we will set F0 = 0 in order to let the salar eld φ go to zero as
V → 0 at innity. For an arbitrary stati vauum solution g[V, h] to the 4 dimensional Einstein equations, (g[U, h],
φ) is a solution to the minimally oupled Einstein-salar eld equations with zero salar potential:
φ = σV (17)
U = αV, (18)
where α is an arbitrary dimensionless onstant in the interval [−1, 1], and σ2 ≡ 2κ(1 − α2). Eqs. 17 and 18 dene
the Buhdahl soluions, and the Buhdahl transformation is dened by the relationships between the salar eld φ and
metri funtions U and V given by the funtionals F and K. We see that the Buhdahl transformation is straight
forward to prove in 4 dimension. In other dimensions, this is, as we will see later, no longer the ase.
V. SOLUTION CLASSIFICATION SCHEME
In this setion we will introdue the general lassiation sheme that will be used throughout the paper to label
dierent solutions to the Einstein equations. The lassiation sheme is motivated by the new solution transformation
tehnique that will be derived in the next setion, and it labels salar eld solutions by harateristis of the seed
solution as well as properties of the transformation applied to the seed solution. The new solution transformation is a
rather general result that enompasses two known solution transformation tehniques in 4 dimensions, the Buhdahl
[9℄ and Fonarev [19℄ transformations.
5The solution transformations referened and derived in this paper all share a ommon harateristi; they all
derive minimally oupled Einstein-salar eld solutions from orthogonal-symmetri vauum solutions to the Einstein
equations, whih aording to the denition of orthogonal-symmetri elds introdued in Setion III implies that
the geometry of the seed solution must posesses a hypersurfae-orthogonal Killing vetor eld and, subsequently, the
solution is invariant with respet to translations along the integral urves of the Killing vetor eld. The Buhdahl and
Fonarev solution transformations were derived for the speial ase of stati seed solutions with timelike, hypersurfae-
orthogonal Killing vetor elds, but the solution transformations extend easily to the more general ase of arbitrary
hypersurfae-orthogonal spaetime symmetries.
As seen in the previous setion, the Buhdahl transformation [9℄ transforms an arbitrary 4-dimensional stati
vauum solution gˆ ≡ g[V, h] into a one-parameter family of stati, minimally oupled salar eld solutions with
metris g = g[U [V ], h]. The metri funtions U [V ] = αV is parametrized by a a dimensionless parameter α in the
range [−1, 1].
The Fonarev transformation [19℄ extends the Buhdahl transformation. It ats on the same lass of seed vauum
solutions as the Buhdahl transformation, whih are solution metris tting the metri template of eq. 5, but the
resulting salar eld solutions are time-dependent with metris that dier from eq. 5 by a time-dependent onformal
fator:
ds2 = e2µ(t)(−e2U(x)dt2 + e−2U(x)hijdxidxj) (19)
We will refer to metris that t this metri template as onformally inated metris, or to be more spei,
onformally time-inated metris, referring to the time-dependent onformal fator that transforms a stati spae-
time geometry into an inating/deating one. The geometry of eq. 19 is learly onformally stati. Let us generalize
this geometry to a geometry that is onformally ortogonal-symmetri:
ds2 = e2µ(y)(ǫe2U(x)dy2 + e−2U(x)hijdx
idxj) (20)
The metri templates of eqs. 5 and 20 motivate the introdution of a solution lassiation based on how the
generated solutions t the template of eq. 20. Orthogonal-symmetri solutions with µ = 0 represent one lass of
generated solutions, hereafter given the label S, whereas another lass are the y-dependent solutions withµ 6= 0,
hereafter given the label T . Class T solutions are hereafter referred to as onformally y-inated solutions, referring
to the y-dependent onformal fator e2µ(y) that represents an ination/deation of a y-invariant geometry along the
y-diretion.
The Buhdahl and Fonarev transformations share a vital restrition: Any seed solution for these transformations
must be a vauum solution to the Einstein equations with vanishing osmologial onstant (Λ = 0). If we are able to
lift this restrition, i.e. derive salar eld solutions from vauum solutions with non-vanishing osmologial onstant,
we get two new lasses of solutions:
 SΛ: Orthogonal-symmetri solutions (with µ = 0), derived from orthogonal-symmetri vauum solutions with
Λ 6= 0
 T Λ: y-dependent, onformally y-inated solutions derived from orthogonal-symmetri vauum solutions with Λ
6= 0
To be onsistent with this labeling, we will label the solution lasses S and T introdued above as S0 and T 0,
respetively, indiating that they derive from seed solutions with Λ = 0.
Let us summarize our sheme for labeling minimally oupled salar eld solutions derived from vauum solutions
to the Einstein equations:
 SΛN : Orthogonal-symmetri solutions (µ = 0) derived from orthogonal-symmetri vauum solutions with Λ 6= 0
 S0N : Orthogonal-symmetri solutions (µ = 0) derived from orthogonal-symmetri vauum solutions with Λ = 0
 T ΛN : Conformally y-inated solutions (µ 6= 0) derived from orthogonal-symmetri vauum solutions with Λ 6= 0
 T 0N : Conformally y-inated solutions (µ 6= 0) derived form orthogonal-symmetri vauum solutions with Λ = 0
VI. THE NEW SOLUTION TRANSFORMATION
A. General solution onstraints
From equation 4 we see that vauum solutions to the Einstein equations must satisfy the equation
Rµν [g] =
2
N − 2gµνΛ, (21)
6with Λ being an arbitrary osmologial onstant. We will take an arbitrary orthogonal-symmetri vauum solution
to the Einstein equations, gˆ = g[V, hˆ], as our seed solution. Using eq. 5, the metri gˆ of this solution an be written
on the anonial form
dsˆ2 = ǫe2V (x)dy2 + e−2V (x)hˆijdx
idxj . (22)
We are seeking to nd the most general solution to the minimally oupled Einstein-salar eld equations, eqs. 3
and 4, mathing the metri template of a onformally y-inated metri:
ds2 = e2µ(y)(ǫe2U(x)dy2 + e−2U(x)hijdx
idxj), U(x) ≡ αV (x), (23)
where the N − 1 dimensional metri hijis onformally related to hˆij by a y-independent onformal transformation:
hˆij = e
2ω(x)hij, ω(x) ≡ δV (x), (24)
and posessing a salar eld on the form
φ = σV (x) + ρµ(y) (25)
with salar eld potential W [φ]. For the time being, we assume nothing about the potential, so it an be any
funtion of the salar eld.
In the above expressions, we have assumed that W0, σ, ρ, α and δ are parameters that will be subjet to onstraints
in order to provide solutions to the eld equations.
Before we proeed, let us relate the solution template dened by equations 23-25 to known solutions. For example,
we an retrieve the Buhdahl solutions [9℄ in 4 dimensions, labeled S04 , by setting µ and Λ to zero. Deriving our
results in arbitrary dimension, we should therefore immediately be able to generalize the Buhdahl transformation
from 4 to arbitrary dimension, i.e. derive solutions of lass S0N .
Furthermore, if we set Λ to zero, but allow µ to vary with y, we retrieve the Fonarev lass of solutions[19℄ in 4 dimen-
sions, labeled T 04 . Like for the Buhdahl transformation, we should be able to generalize the Fonarev transformation
to arbitrary dimension, i.e. derive solutions of lass T 0N .
Finally, the metri template of Equation 23 overs several lasses of solutions that are not overed by previously
published results:
 SΛN : Orthogonal-symmetri solutions derived from vauum solutions with non-zero osmologial onstant
 T ΛN : y-dependent, onformally inated solutions derived from vauum solutions with non-zero osmologial
onstant
Let g ≡ e2µg denote the metri of equation 23 with g being an orthogonal-symmetri metri; g ≡ g[U, h]. In the
following, we will use overdots to represent derivatives wrt. the oordinate y.
Applying the general onformal transformation formulas of Appendix A, we get the following expressions that relate
the Rii tensors of the metris g and g :
R00 = R00 − (N − 1) µ¨ (26)
R0j = R0j + (N − 2)αµ˙∂jV (27)
Rij = Rij − gijg00(µ¨+ (N − 2) µ˙2) (28)
φ transforms as follows under a y-dependent onformal transformation:
φ = e−2µ(φ+ ǫ(N − 2)e−2αV µ˙∂0φ) = e−2µ(σV + ρµ+ ǫ(N − 2)e−2αV ρµ˙2) (29)
We will now proeed by rst evaluating the Rii tensor Rµνusing equations 26-28. Rµνan be derived from
equations 7 - 9. When evaluating Rµν , it is onvenient to isolate terms ontaining Rˆµν and use the fat that it is a
vauum solution to the Einstein equations in order to redue the expressions as muh as possible. Having evaluated
the Rii tensor, we apply it to the Einstein equations, eq. 4. In the ourse of development of the equations, it is useful
to expand the N -dimensional Rii tensor of an arbitrary orthogonal-symmetri metri g = g[U, h], Rµν [g[U, h]], into
expressions involving the metri funtion U , the metri N−1 dimensional metri hkj and its Rii tensor Hij ≡ Rij[h].
Equations 7 - 9 an be used to do that. The following expression for the Laplaian µ of an y-dependent funtion µ
is also useful:
µ(y) = ǫe−2U µ¨
After a lot of algebra, we nd that the (0, 0) omponent of the Einstein equations, eq. 4, redues to
7(N − 1) µ¨+ κρ2µ˙2 =
− ǫαe4αV (1− α− (N − 3)
N − 4 δ) (N − 4)h
il∂iV ∂lV − ǫ 2
N − 2
(
κe2µe2αVW [φ]− αe−2(1−2α−δ)V Λ
)
(30)
and the (k, j) omponent of the Einstein equations redues to
(
(6−N) + 2 (N − 4) δ − (N − 3) δ2 − α2(6 −N)− κσ2)∂jV ∂kV
+ ((N − 3) δ − (N − 4) (1− α))∇k∇jV + (α− δ) ((1− α) (N − 4)− (N − 3) δ)hkj∇lV∇lV =(
2κ
N − 2e
2µe−2αVW [φ]− 4− 2α− 2δ
N − 2 Λ e
−2(1−δ)V + ǫ
(
µ¨+ (N − 2) µ˙2) e−4αV)hkj (31)
We see that in order for equation 31 to be satised with ∂iV 6= 0, we must have
δ =
(N − 4)
(N − 3) (1− α) (32)
The (0,0) omponent of the Einstein equations then beomes
(N − 1) µ¨+ κρ2µ˙2 = −ǫ 2
N − 2
(
κe2µe2αVW [φ]− αΛe−2(1−2α−δ)V
)
(33)
Furthermore, sine the left-hand side of equation 30 depends on y only, it is evident that the only way to satisfy
this equation when µ˙ 6= 0 and Λ 6= 0 is to demand 1 − 2α− δ = 0. Sine eq. 32 also must be satised, we nd that
when µ˙ 6= 0 and Λ 6= 0, α must take the unique value α = 1/(N − 2).
From eq. 8 we nd that R0i = 0 for an orthogonal-symmetri metri. Therefore, the (0, j) omponent of eq. 4 is
identially satised if µ = const. If µ 6= const, it gives us the parametri onstraint
(N − 2)α = κρσ (34)
Finally, the (k, j) omponent of equation 4 beomes, having used equation 32 to redue it:
(
(6−N) + 2 (N − 4) δ − (N − 3) δ2 − α2(6 −N)− κσ2)∂jV ∂kV =(
2κ
N − 2e
2µe−2αVW [φ]− 4− 2α− 2δ
N − 2 Λ e
−2(1−δ)V + ǫ
(
µ¨+ (N − 2) µ˙2) e−4αV)hkj (35)
Eah side of this equation must vanish identially, so we get another parametri onstaint
(6−N) + 2 (N − 4) δ − (N − 3) δ2 − α2(6 −N)− κσ2 = 0 (36)
and the redued equation
µ¨+ (N − 2) µ˙2 = −ǫ 2κ
N − 2e
2µe2αVW [φ] + ǫ
4− 2α− 2δ
N − 2 Λ e
−2(1−δ−2α)V
(37)
Solving equation 36 for σ, using equation 32, gives σ in terms of α:
σ2 =
(N − 2)
κ(N − 3)
(
1− α2)
This is the same relation we found for the Buhdahl transformation in setion IV in 4 dimensions. Now, if we turn
our attention to the equation of motion for the salar eld, equation 3, we an use equation 29 to ompute φ. The
salar eld equation, eq. 3, then takes the form
µ¨+ (N − 2) µ˙2 = ǫ1
ρ
e2µe2αVW ′[φ] + ǫ
2
N − 2
σ
ρ
Λe−2(1−2α−δ)V (38)
8We immediately see that the the left-hand sides of equations 37 and 38 are idential, and that, by equating the
right-hand sides of these equations, we get an equation onstraining the salar eld potential:
W ′[φ] = − 2κρ
N − 2W [φ] +
2ρ
N − 2
(
2− α− δ − σ
ρ
)
Λ e2(α+δ−1)
1
σ
φe−2((α+δ−1)
ρ
σ
+1)µ
(39)
One way in whih to satisfy Equation 39 is to have the seond term on the right-hand side of this equation vanish,
whih may happen when the following equation is satised:
W ′[φ] = − 2κρ
N − 2W [φ] (40)
and either
σ
ρ = 2 − α − δ or Λ = 0 (assuming ρ 6= 0). We will refer to this as Case 1. Equation 40 an easily be
integrated, and gives the exponential salar eld potential
W [φ] = W0e
−2kφ, (41)
where k ≡ κρN−2 and W0 is an arbitrary onstant. Notie that, although equation 40 admits an additional onstant
term in the potential, equations 37 and 38 will not be idential unless this onstant term vanishes. Another way in
whih Equation 39 an be satised is that the µ-dependene in the last term vanishes, either by simply having µ = 0
(ase 2), or by setting (α + δ − 1) ρσ + 1 = 0 (ase 3). Evidently, it is not suient to require that equations 37 and
38 are idential; the equations must also admit solutions. This adds more parametri onstraints, beause it means
that, provided ∂iV 6= 0, we must hoose parameters that makes the V -dependene of both eqs. 33 and 37 vanish.
We will now show that equation 41 is the unique salar eld potential that satises equation 39 and is not in onit
with neither the onstraints nor the (0, 0) eld equation, eq. 33. This will prune our solution spae onsiderably, as
we will have a unique expression to use for the salar eld potential. The simplest ase is ase 2, i.e. µ = 0. In
this ase, we are able to derive the potential diretly from equation 37. Inserting this expression in equation 39 gives
further parametri onstraints. When inserting the solutions into the (0,0) eld equation, eq. 33, we nd that the
only solution admitted in this ase is the potential of equation 41 with Λ = 0. However, if both Λ = 0 and µ = 0, eq.
37 demands W = 0. Finally, onsidering ase 3, we nd the same thing. The potential must have the exponential
form of equation 41, and any ase 3 solution with Λ 6= 0 is inonsistent with the (0, 0) eld equation.
Let us summarize what we have learnt so far:
Theorem 1. Given an orthogonally symmetri vauum solution, gˆ =g[V,hˆ℄, to the N dimensional Einstein equations
wth an arbitrary osmologial onstant, equation 21, a salar eld on the form
φ = σV (x) + ρµ(y) (42)
with a salar eld potential
W [φ] = W0e
−2kφ
(43)
and a onformally y-inated spae-time with a metri on the form
ds2 = e2µ(y)(ǫe2αV dy2 + e−2αV e−2δV hˆijdx
idxj) (44)
is a solution to the minimally oupled Einstein-salar eld equations, equations 3 and 4, if and only if the following
equations are satised:
µ¨+ (N − 2) µ˙2 = −ǫ 2κW0
N − 2e
2(1−kρ)µe2(α−kσ)V + ǫ
4− 2α− 2δ
N − 2 Λ e
−2(1−2α−δ)V
(45)
µ¨+
κρ2
(N − 1) µ˙
2 = −ǫ 2
(N − 2) (N − 1)
(
κ W0e
2(1−kρ)µe2(α−kσ)V − αΛe−2(1−2α−δ)V
)
, (46)
where Λ is an arbitrary osmologial onstant and α, ρ, σ, δ, k, and W0 are parameters satisfying the following set of
onstraints:
δ =
(N − 4)
(N − 3) (1− α) (47)
σ2 =
(N − 2)
κ(N − 3)
(
1− α2) . (48)
9If W0 = 0 and Λ = 0, the parameter ρ is given by
ρ2 =
1
κ
(N − 2) (N − 1) (49)
If W0 6= 0, the parameter k of the salar eld potential is given in terms of ρ:
k =
κρ
N − 2 . (50)
If µ˙ 6=0, the following onstraint must be satised:
(N − 2)α = κρσ (51)
If Λ 6=0, we must have
σ
ρ
= 2− α− δ (52)
1− 2α− δ = 0, (53)
whih has the unique solution α = 1/(N − 2).
Equations 45-51 do indeed over a wide range of salar eld solutions, and we will use the rest of this setion to
unravel the main solution lasses. As a result, we will be able to aurately label the Einstein-salar eld solutions
that an be generated by the solution transformation of Theorem 1 in terms of the labeling sheme introdued in the
previous setion.
Before we proeed, let us review the dierent ases to be onsidered:
 µ = 0 (solution lass SN ).
 Λ 6=0 (solution lass SΛN )
 Λ=0 (solution lass S0N )
 µ 6= const (solution lass TN )
 Λ = 0 (solution lass T 0N )
 Λ 6=0 (solution lass T ΛN )
The various onstraints set up by Theorem 1 relate to the dierent solution lasses as follows: All solutions must
satisfy equations 47 and 48. All lass T solutions with non-vanishing salar potential must in addition satisfy equation
51. SΛNand T ΛN solutions must satisfy equations 52 and 53, while any solution with a non-vanishing salar eld potential
must satisfy equation 50.
Let us onsider for a moment the ase of a seed vauum solution with onstant metri funtion V . Without loss
of generality, we an set V to zero. From equations 7 and 21 we immediately see that the (0, 0) omponent of the
Einstein equations, eq. 4, requires Λ to be zero in this ase, so this ase falls in the S0Nand T 0N solution lasses.
B. SN : Orthogonal-symmetri salar eld solutions
In the following two setions, we will state the individual sub lasses of S and T solutions in terms of separate
orollaries of Theorem 1.
The SNlasses of solutions emerge by setting µ = 0 in Theorem 1. In that ase, equations 45 and 46 take the form
W0e
2(α−kσ)V − σ
ρ
Λ
κ
e2(2α+δ−1)V = 0 (54)
W0e
2(α−kσ)V − αΛ
κ
e−2(1−2α−δ)V = 0 (55)
Considering the SΛNlass of solutions rst, i.e. assuming Λ 6= 0, we immediately nd the onstraint σρ = α. In
this ase, equation 52 implies that α must be 1. Setting α = 1 into equation 48 implies σ = 0, in onit with the
onstraint
σ
ρ = α. Furthermore, we have to set Λ = 0 in eqs. 54 and 55, we must also have W0 = 0. Thus, we have
proved the following:
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Corollary 2. (SΛN ,S0N ) There are no salar eld solutions of lass SΛN that an be derived using the transformation
of Theorem 1, i.e. there are no orthogonal-symmetri salar eld solution that an be derived from a vauum solution
with osmologial onstant Λ 6= 0 using the solution transformation of Theorem 1. Furthermore, W0 must be zero for
the entire SN lass of solutions, i..e there are no solutions of lass SN with a potential term.
Now, let us turn our attention to the S0N solution lass, i.e. orthogonal-symmetri salar eld solutions with vanishing
osmologial onstant. These are the generalized Buhdahl solutions in dimension N . It is evident from eqs. 54 and
55 that W0 must also be zero, i.e we are onsidering the ase of a massless salar eld. The remaining onstraints in
this ase are equations 47 and 48, with the solution
σ = ±
√
(N − 2)
κ(N − 3) (1− α
2) =
β
ζ
, (56)
where ζ and β are onstants given by ζ2 = κξ2,ξ2 = (N−2)4(N−1) and β
2 = ξ2(N−2N−3 )(1 − α2). We an immediately see
that eq. 56 redues to Buhdahl's result of eq. 17 for N = 4. Applying equation 56 to Theorem 1 allows us to derive
the harateristis of the S0N solution lass:
Corollary 3. (S0N ) If gˆ =g[V,hˆ℄ is an orthogonally symmetri vauum solution to the Einstein equations with van-
ishing osmologial onstant, we have a one-parameter family of solutions to the minimally oupled Einstein-salar
eld equations for a massless salar eld given by an orthogonal-symmetri spae-time metri
ds2 = ǫe2αV dy2 + e−2γV hˆijdx
idxj (57)
with a massless salar eld
φ = σV, (58)
where α is a free, dimensionless parameter in the range [-1,1℄, γ≡α+ N−4N−3 (1− α) and σ≡±
√
(N−2)
κ(N−3) (1− α2).
Corollary 3 was rst proved in 4 dimensions for stationary metris by Buhdahl [9℄ and later by Janis, Robinson
and Winiour [12℄. We refer to this version of the general transformation of Theorem 1 as the generalized Buhdahl
transformation. In 4 dimensions, the Buhdahl transformation is easy to prove. However, to our knowledge, this
is the rst time it has been generalized to arbitrary dimension. Notie that for N 6= 4, the generalized Buhdahl
transformation of Corollary 3 must do an extra N − 1 dimensional onformal transformation e2δV of the N − 1
dimensional hypersurfae in order to provide a valid solution. This implies that the S0N salar eld solutions in other
dimensions than 4 beome, in general, signiantly more ompelex than the 4 dimensional solutions do.
C. TN : Conformally y-inated salar eld solutions
Next, we will turn our attention to the y-dependent solutions, i.e. the TN solution lass, and we will try to generate
y-dependent salar eld solutions from the onstraints set up by Theorem 1. As noted above, all lass T solutions
must satisfy the onstraints set up by equations 47 and 48. TN solutions with non-vanishing salar potential, i.e.
W0 6= 0, must in addition satisfy eq. 51.
1. The metri funtion µ(y)
The y-dependene of the lass T solutions is dened by the metri funtion µ(y). Before we proeed to look at
spei lasses of solutions that satisfy Theorem 1, let us have a loser look at the dierential equations that dene
this funtion, eqs. 54 and 55. In the speial ase where both W0 = 0 and Λ = 0, these equations both redue, under
the parametri onstraint given by eq. 49, to the equation
µ¨+ (N − 2) µ˙2 = 0, (59)
whih has the solution
µ(y) =
1
N − 2 ln | (N − 2)
√
η (y − y0) | (60)
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where η and y0 are onstants of integration [23℄. In all other ases, eqs. 54 and 55 are equivalent to the following
two equations:
µ¨− (1− λ2) µ˙2 = (1− λ2)χ (61)
µ˙2 = ηe2(1−λ
2)µ − χ, (62)
where we have applied the onstraints of Theorem 1 and introdued the three parameters λ, η and χ, dened as
follows:
λ2 ≡ kρ = (N − 3) α
2
(1− α2) (63)
η ≡ −ǫ 2κW0
(N − 2) (N − 1− λ2) , χ ≡ −ǫ
2 (N − 1− 2α)
(N − 2) (N − 3) (N − 1− λ2)Λ (64)
The presene of these three parameters reets that, in general, lass T solutions have three free parameters. One
(λ, or equivalently, α) is shared with lass S solutions. The seond parameter, η, denes the zero-point value of the
eetive salar potential, W [φ]. The last parameter, χ, is proportional to the osmologial onstant, Λ. Equation 61
follows by elimination of the potential term, while eq. 62 follows by elimination of the seond-order derivative. Now,
by taking the derivative of eq. 62 and applying the value of α that is valid for Λ 6= 0, α = 1/(N − 2), we get eq. 61.
Thus, any solution to eq. 61 is also a solution to eq. 62. The general solution to these equations is
µ(y) =


√−χ (y − y0) (η = 0, χ < 0)√
η − χ (y − y0)
(
η > 0, η > χ, λ2 = 1
)
1
(λ2−1) ln |
(
1− λ2)√η (y − y0) | (η > 0, χ = 0)
1
(λ2−1) ln |
√
η
χ cos(
(
1− λ2)√χ (y − y0))| ( ηχ > 0, χ 6= 0)
1
(λ2−1) ln |
√
η
χ sin(
(
1− λ2)√χ (y − y0))| (η > 0, χ < 0)
(65)
where y0 is an arbitrary onstant of integration. Notie that there are no real solution for µ with parameter values
η < 0 and χ > 0.
2. Solution reparametrization
The three parameters λ, η and χ is a onvenient set of parameters. λ is a dimensionless parameter that takes
any real value. Let us express the parameters used by Theorem 1 in terms of the new parameters. Applying the
parametri onstraints stated by Theorem 1, the parameters α and σ an onveniently be expressed in terms of the
dimensionless parameter λ:
α = ε
λ√
N − 3 + λ2 , σ = ε
√
(N − 2)
κ(N − 3 + λ2) , (66)
where ε = ±1. This parametrization of α and σ in terms of λ is valid for all solutions of lasses S and T . Similarly,
ρ and k an be expressed in terms of λ as follows:
ρ =
√
(N − 2)
κ
λ, k =
√
κ
N − 2λ (67)
Finally, we an express the parameters W0 and Λ in terms of the new parameters λ, η and χ:
W0 = −ǫ (N − 2)
2κ
(
N − 1− λ2) η, Λ = −ǫ (N − 2) (N − 3)
2 (N − 1− 2α)
(
N − 1− λ2)χ (68)
3. Class T
0
N solutions with vanishing salar potential
Let us rst look at the T 0Nlass of solutions, i.e. the solutions with Λ = 0. There are two sub lasses of solutions
that we must treat separately: W0 = 0 and W0 6= 0. The simplest ase is T 0N with vanishing salar potential; W0 = 0.
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In this ase, the right hand sides of the (0, 0) and (k, j) omponents of the Einstein equations, equations 46 and 45,
both vanish. By omparing the left hand sides of these equations, we see that the onstraint κρ2 = (N − 1)(N − 2)
must be fullled in order for these two equations to not be in onit and still yield solutions with µ˙ 6= 0. The eld
equations redue to the dierential equation of eq. 59, whih has the general solution µ(y) = 1N−2 ln |
√
η(y − y0)|.
Transforming to a new oordinate Y given by |(N − 2)√η(y− y0)| 2N−2 = e2
√
ηY
allows us to reexpress the solution on
another form. Let us summarize this set of solutions:
Corollary 4. (T 0N ,W0 = 0) The T 0N lass of solutions with vanishing salar eld potential onsists of a one-parameter
family of solutions. The metri is given by
ds2 = ǫe2αV+
2λ2
√
ηY
dY 2 + e2
√
ηY e−2γV hˆijdxidxj , (69)
where the parameters α, σ and ρ are given by eqs. 66 and 67 with λ = ±√N − 1. α and γ take the values
α=±
√
1
2
(N−1)
(N−2) and γ=α +
N−4
N−3 (1 − α). η is an arbitrary, positive onstant of dimension length−2. The massless
salar eld is
φ = σV (x) + ρ
√
ηY, (70)
where σ ≡ ±
√
(N−2)
κ(N−3) (1− α2) = ± 1√2κand ρ ≡
√
1
κ (N − 2)λ.
4. Class T
0
N solutions with non-vanishing salar potential
Next, let us onsider the lass of T 0N solutions with non-vanishing salar eld potential; W0 6= 0. These solutions
an be inferred diretly from Theorem 1 and eq. 65. In 4 dimensions and for stati vauum solutions, they are the
solutions found by Fonarev in [19℄. Aording to eq. 65, the metri funtion µ is in this ase given by
µ =
{√
ηy η > 0, λ2 = 1
1
λ2−1 ln |
√
η
(
λ2 − 1) y| η > 0, λ2 6= 1
For the speial ase λ2 = 1, the solution takes the form
ds2 = ǫe2(αV+
√
ηy)dy2 + e−2(γV−
√
ηy)hˆijdx
idxj (71)
φ = σV +
√
(N − 2)
κ
√
ηy, (72)
In the general ase for λ2 6= 1, we do a oordinate transformation to a new oordinate Y dened by ln |(λ2−1)√ηy| =
(λ2 − 1)√ηY . We now get the metri on the form
ds2 = ǫe2(αV+λ
2√ηY )dY2 + e−2γV+2
√
ηY hˆijdx
idxj
and the salar eld takes the form
φ =
√
(N − 2)
κ
(
ε
1√
(N − 3 + λ2)V + λ
√
ηY
)
We see that the metri and salar eld for λ2 6= 1 oinide with those for the ase λ2 = 1. Thus, we an summarize
this result as follows:
Corollary 5. (T 0N ,W0 6= 0) The T 0Nlass of solutions with non-vanishing salar eld potential is a two-parameter
family of solutions given by the metri
ds2 = ǫe2(αV+λ
2√ηY )dY2 + e−2γV+2
√
ηY hˆijdx
idxj , (73)
a salar eld on the form
φ =
√
(N − 2)
κ
(
ε
1√
(N − 3 + λ2)V + λ
√
ηY
)
(74)
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and a salar eld potential
W [φ] = W0e
−2kφ, (75)
where k=
√
κ
N−2λ and W0 = −ǫ (N−2)2κ (N − 1− λ2)η, η > 0.
Corollary 4 in ombination with Corollary 5 generalizes the Fonarev result [19℄ to arbitrary dimension and for
arbitrary orthogonal-symmetri seed metris. We also see that the solutions of orollaries 4 and 5 have the same form,
so Corollary 5 an be trivially extended to also over the solutions of Corollary 4 by allowing parameter values η = 0
and λ = ±√N − 1.
5. Class T
Λ
N solutions with vanishing salar potential
Now, turning our attention to the lasses of solutions with Λ 6= 0, the T ΛN lass of salar eld solutions, we begin by
investigating the ase of solutions with vanishing salar eld potential, whih requires that W0 = 0. The onstraints
that must be satised in this ase are listed in Theorem 1, and are equations 47, 48, 52 and 53. The solution to these
onstraints is given by a disrete set of parametri values orresponding to the value λ =ε/
√
N − 1:
α =
1
N − 2 , σ = ε
√
N − 1
κ(N − 2) , ρ = ε
√
N − 2
κ(N − 1) ,
where ε = ±1. Aording to eq. 65, the metri funtion µ takes the form µ = √−χy, whih requires χ < 0. Let us
summarize this solution:
Corollary 6. (T ΛN ,W0 = 0) The set of T ΛN solutions with vanishing salar eld potential is a one-parameter family of
solutions parametrized by the parameter χ with χ < 0. The solutions orrespond to a hoie of osmologial onstant
in the seed solution satisfying Λ = − ǫ2 (N−2)
3
(N−1) χ. The other parameters are dened by equations 66 - 6866with
λ = ε/
√
N − 1, and onsequently α = 1/(N − 2). The metri is given by
ds2 = ǫe2(αV+
√−χy)dy2 + e−2γV+2
√−χyhˆijdx
idxj , (76)
with a salar eld
φ = ε
√
N − 1
κ(N − 2)
(
V +
(N − 2)
(N − 1)
√−χy
)
. (77)
W [φ] = 0
6. Class T
Λ
N solutions with non-vanishing salar potential
The nal part of the TN solution spae to be analyzed is the T ΛN lass of solutions with non-vanishing salar eld
potential. Proeeding as before, we rst identify the onstraints to solve. In this ase it is the full set of onstraints,
namely equations 47, 48, 50, 52, 53 and 51. There are two unique solutions to these onstraints:
α =
1
N − 2 , σ = ε
√
N − 1
κ(N − 2) , ρ = ε
√
N − 2
κ(N − 1) , k = ε
√
κ
(N − 1)N − 2 ,
where ε = ±1, as before. These parameter values orrespond to λ = ε/√N − 1. The expression for µ is given
by eq. 65. By transforming to new oordinates, we are able to simplify the expressions onsiderably. Dene a new
oordinate τ by
τ (N−2) =


|
√
χ
η cos(
(
1− λ2)√χy)−1| ( ηχ > 0, χ 6= 0, λ2 6= 1)
|
√
χ
η sin(
(
1− λ2)√χy)−1| (η > 0, χ < 0, λ2 6= 1)
Doing so, we are able to simplify the expressions onsiderably. Let us summarize the result:
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Corollary 7. (T ΛN ,W0 6= 0) The T ΛN lass of solutions with non-vanishing salar eld potential is a two-parameter
family of solutions given by the metri
ds2 = ǫe2αV
(N − 1)2(
η − χτ−2(N−2))dτ2 + τ2(N−1)e−2γV hˆijdxidxj , (78)
a salar eld on the form
φ = ε
√
N − 1
κ(N − 2) (V + (N − 2) ln τ) (79)
and a salar eld potential
W [φ] = W0e
−2kφ, (80)
where α = 1/(N − 2), k =
√
κ
(N−1)(N−2) and W0 = −ǫ (N−2)2κ (N − 1 − λ2)η, orresponding to λ = ε/
√
N − 1. η
and χ are free parameters of dimension length−2. The T ΛN solutions must have χ 6= 0 and satisfy at least one of the
onditions η > 0 or χ < 0.
D. General form of the solutions
We will now seek a ommon form of all lass S and T solutions that is apable of representing all solutions. In
order to do so, we must introdue yet another set of parameters. We will ontinue to use the parameter λ used before,
but dene the new parameters q ≡ √η − χ and b ≡
√
η
η−χ . Writing η and χ in terms of q and b gives η = q
2b2 and
χ = (b2 − 1)q2.
It is now straight forward to prove our main result in terms of parameters λ, q and b, whih we summarize in the
form of a new theorem:
Theorem 8. Given an orthogonal-symmetri vauum solution, gˆ =g[V,hˆ℄, to the N dimensional Einstein equations
with an arbitrary osmologial onstant Λ (equation 21), the omplete set of lass S and T solutions derived from gˆ
has a spae-time metri
ds2 = ǫ
e2(αV+qY )
b2e2(1−λ2)qY + 1− b2 dY
2 + e−2γV+2qY hˆijdx
idxj (81)
and a salar eld
φ =
√
(N − 2)
κ
(
ε
1√
(N − 3 + λ2)V + λqY
)
(82)
with a salar eld potential
W [φ] = W0e
−2kφ, (83)
where ε = ±1, λ and b are dimensionless parameters and q is a parameter of dimension inverse length. Both b and q
must be ≥ 0. The onstants α, γ, k and W0 are given by
α = ε
λ√
N − 3 + λ2 , k =
√
κ
N − 2λ,W0 = −ǫ
(N − 2) (N − 1− λ2)
2 κ
q2b2, (84)
and the parameters q and b are related to Λ as follows:
Λ = −ǫ (N − 2) (N − 3)
(
N − 1− λ2)
2 (N − 1− 2α) q
2
(
b2 − 1) . (85)
The main solution lasses an be retrieved from equations 81 and 82 as follows:
 SN : The omplete set of lass SN solutions is obtained from equations 81 and 82 when q = 0 and λ ǫ (−∞,∞).
15
 T 0N : The T 0N solutions are obtained from equations 81 and 82 when b = 1, q > 0 and λ ǫ (−∞,∞).
 T ΛN : The T ΛN solutions are obtained from equations 81 and 82 when b 6= 1, q > 0 and λ = ε/
√
N − 1.
Proof. If we rst onsider the ase of the empty SΛN solution lass of Corollary 2, we see that the fat that there are
no solutions of this lass is reeted by equations 84 and 85, beause both W0 6= 0 and Λ 6= 0 require q 6= 0. From
the metri in equation 81 we see that this means that a lass T solution is generated, thus there are no solutions
of lass SΛN . Next, Corollary 3 follows diretly from equations 81 and 82 when setting q = 0. Corollary 4 follows
diretly from equations 81 and 82 when we let q > 0, λ = ±√N − 1 and4b = 14 Similarly, Corollary 5 an be inferred
from equations 81 and 82 by letting q > 0 and setting b = 1. Corollary 6 follows from equations 81 and 82 by
letting q2 = −χ, λ = ±1/√N − 1, q > 0 and b = 0. Finally, the results of Corollary 7 an be brought to the form
of equations 81 and 82 by transforming to a new oordinate Y dened by τ (N−1) = e
√
η−χY . The ompleteness of
theorem 8 follows from the way we derived it: a general form of the potential was investigated, from whih we derived
the potential of equation 83. Furthermore, we did an exhaustive analyzis of all options for satisfying the onstraints
set up by Theorem 1, whih represent all lass T and S solutions.
VII. EXAMPLE SOLUTIONS
No solutions within the T ΛN lass of solutions have been published before, so let us have a loser look at a partiular
solution of this lass in 4 dimensions. As the lass requires seed solutions with non-zero osmologial onstant, let us
use the (Anti-) deSitter solution in 4 dimensions as our seed solution. Take Λ as a non-zero osmologial onstant.
The (A)dS4 metri an be ast into the following stati form:
ds2 = −
(
1− Λ
3
r2
)
dt2 +
(
1− Λ
3
r2
)−1(
dr2 +
(
1− Λ
3
r2
)
r2dΩ2
)
. (86)
A. Minimally oupled solution
Dene ℓ2 ≡ 3/|Λ|. Applying Corollary 7 and dening a new oordinate
ψ ≡
{
arcsin(r/ℓ) (Λ > 0)
arcsinh(r/ℓ) (Λ < 0)
allows us to ast the solution metri into the following form:
ds2 = 9η−1C(ψ)

− dτ2(
1− χη τ−4
) + τ6 η
4χ
(
dψ2 + S2(ψ)dΩ2
)
(87)
where S(ψ) ≡ sinψ for Λ > 0, while S(ψ) ≡ sinhψ when Λ < 0. Likewise, C(ψ) ≡ cosψ if Λ > 0, while
C(ψ) = coshψ when Λ < 0. In the ase of positive Λ, the spatial slies of this geometry are onformally equivalent
to the hypersphere S3 and the solution topology is R × S3, while for negative Λ, the spatial slies are onformally
equivalent to the hyperboloid H3 and the solution topology is R×H3. The salar urvature is
R =


2η(15τ4cos2ψ+χη )
3τ6cos3ψ (Λ > 0)
− 2η ((18
χ
η
−15τ4)cos2ψ+χη )
3τ6cosh3ψ
(Λ < 0)
(88)
The salar eld takes the unique form
φ = −
√
3
2κ
ln(τ2C(ψ)), (89)
whih is independent of parameters η and χ. The metri of eq. 87 is singular for time τ4 = χ/η, while the Rii
salar of eq. 88 is regular. By transforming the Riemann tensor to an orthonormal basis, we nd that τ4 = χ/η is
just a oordinate singularity.
The geometry has an initial singularity at τ = 0, and there is a urvature singularity at ψ = ±π/2 for Λ > 0.
As ψ → ±π/2, the salar eld φ → +∞ . The parameters η and χ evaluate to η = 38κW0 and χ = 34Λ = 94ℓ2 , so
η/χ = κW0/2Λ.
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B. Conformally oupled solution
We will now transform the de Sitter-based solution we generated in the previous setion to the onformal frame,
using the generalized Bekenstein transformation for arbitrary salar potential [17℄. The generalized Bekenstein trans-
formation is desribed in Theorem 9 of Appendix B. Applying it to the solution of eqs. 87 and 89 for Λ > 0 gives a
metri of the transformed solution:
ds2 =
(
cosψ +
1
2T
)2
9
4
η−1

− dT 2(
1− χ4ηT−2
) + T 4 4η
χ
(
dψ2 + sin2ψdΩ2
) , (90)
where 0 ≤ ψ ≤ π, and we have introdued a new time oordinate T ≡ 12τ2. The onformally oupled salar eld Φ
is
Φ =
1
ζ
tanh ζφ = −1
ζ
(2T cosψ − 1)
(2T cosψ + 1)
, (91)
with ζ =
√
κ/6. The salar potential of this solution is
W [Φ] = W0(1− ζ2Φ2)2e−2ζφ = W0(1− ζ2Φ2)(1− ζΦ)2. (92)
The Rii salar of this geometry is
R =
192 (1 + 6T cosψ)
9(1 + 2T cosψ)
3 η. (93)
Thus, there is a urvature singularity where cosψ = −1/2T . Thus, for |T | < 12 , the geometry is regular everywhere.
By transforming the Riemann tensor to an orthonormal basis, we nd that the solution is free of other singularities.
Introdue onstants H0 ≡ 43
√
η and ℓ ≡ 32√χ =
√
3/Λ. Then dene a new time oordinate t by t ≡ ǫℓ
√
T 2 − χ4η ,
where ǫ ≡ signT . We are now able to ast the metri into the following form:
ds2 =
(
1√
a(t)
+ c cosψ
)2 (
−dt2 + a(t)2H−20
(
dψ2 + sin2ψdΩ2
))
, (94)
where c is a dimensionless onstant, c ≡ 2(ℓH0)−1 =
√
χ/η, and a(t) is a time-dependent sale fator; a(t) ≡
H20 t
2+1. The osmologial time sale is H−10 . Similarly, ℓ is a osmologial length sale that is idential to the length
sale of the dS4 seed metri, eq. 86. We an then write the ratio η/χ in terms of ℓ and H0:
η
χ =
1
4ℓ
2H20 . Notie that
c2 is proporional to Λ/κW0, so c is dened by the relative size of the osmologial onstant over the strength of the
salar potential. In the limit c → 0, the geometry of eq. 94 is spatially homogenous. We an therefore refer to c as
the inhomogeneity parameter of the spaetime. A osmologial onstant that is weak relative to the strength of the
salar potential yields a geometry that is highly homogeneous (low c), while a strong osmologial onstant yields a
highly inhomogenous osmology (high c). The sale fator a(t) is 1 for t = 0. This solution is learly a spatially nite,
inhomogeneous, inationary osmology with a time sale set by H0 and a size of the spatial setions governed by the
length sale ℓ = (cH0)
−1
and the sale fator a(t). Corresponding to times T = ±1/2, this universe has an initial
urvature singularity that vanishes at time t− = −H−10
√
1
c − 1 and a nal urvature singularity that starts to emerge
from ψ = π at time t+ = H
−1
0
√
1
c − 1. From eq. 93 we see that the geometry has positive urvature everywhere. It
has a nite volume of
volM =
π2
2
(
4 + 3a(t)c2
)
a(t)3/2H−30 (95)
Thus, the size of the osmology is dened by the time onstant H−10 , the sale fator a(t), as well as the inhomo-
geneity c. A weak salar potential implies a long time sale and a small osmologial onstant implies a osmology of
large size. Furthermore, if c << 1, the time span between the initial and nal singularities are muh larger than the
osmologial time sale: c << 1⇒ |t+ − t−| >> H−10 .
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Looking at asymptoti behaviors of this geometry, we nd that for |t| << H−10 , the geometry is nearly stati
beause, at t = 0, a˙ = 0 and a(t) ≃ 1:
ds2 ≃ (1 + c cosψ)2 (−dt2 +H−20 (dψ2 + sin2(ψ)dΩ2))
This means that the size of the osmology is nearly onstant at times |t| << H−10 ; in fat a˙ = 0 for t = 0, but the
geometry is still aelerating.
At late times, t >> H−10 , the osmology approahes power-law ination:
ds2 ≃ c2cos2ψ
(
−dt2 + (H0t)4H−20
(
dψ2 + sin2ψdΩ2
))
.
Now, if we dene a new time oordinate z ≡ arctan(H0t), the metri of eq. 94 takes the form
ds2 =
(
cos z + c cosψ
H0cos2z
)2 (−dz2 + dψ2 + sin2ψdΩ2) , (96)
where the onformal time z is dened in the interval−π/2 < z < π/2. Thus, the solution geometryM is onformally
isometri to the Einstein stati universe M˜ = R × S3, and maps onto the −π/2 < z < π/2 setion of the Einstein
ylinder. Then, t → ±∞ as z → ±π/2. The onformal boundary of the spaetime onsists of the two timelike
onformal innities i± at z = ±π/2, respetively. All timelike geodesis emerge from i− and end at i+. If we analyze
null geodesis on M˜, we nd that null geodesis in the ψ diretion satisfy ψ − ψ0 = ±z, where ψ0 ≡ ψ(z = 0). Thus,
due to rotational symmetry of S3, photons an only travel an angular distane < π/2 in a nite amount of time in any
spatial diretion of M˜. Subsequently, for a stationary observer at an arbitrary spatial loation, there is a osmologial
event horizon at an angular distane π/2 away from the observer, implying that the observable universe is half the
total universe. If we transform the osmologial horizon bak to the physial solution geometry ofM, the horizon will
be at the same spatial oordinates onM as on M˜, but the geometry of the horizon will be hanged by the onformal
fator of eq. 96. Still, the observable universe extends an angular distane of π/2 away from the stationary observer.
Figure 1 shows a Penrose-Carter diagram for this spaetime. We see from this diagram that ψ-direted null geodesis,
with the exeption of the points on the ψ = π/2 surfae, either emerge from the initial singularity or terminate at
the nal singularity. Furthermore, there are timelike geodesis that do not interset any of the singularities. We an
also see that in the region z + ψ > π, all ψ-direted geodesis that are either null or time-like interset the nal
singularity. Furthermore, we an infer from the Penrose-Carter diagram that for all solutions with c < 1, the null
surfae z + ψ = π onstitutes an event horizon, beause no null or time-like geodesis with z + ψ > π will ever enter
the z + ψ < π region. The solution is regular at the z + ψ = π surfae. From the metri of eq. 96, we see that the
initial and nal singularities are in fat point singularities, beause the 2 dimensional surfaes (z = const, ψ = const)
have vanishing proper surfae area as cos z + c cosψ → 0. We an onlude that the c < 1 solutions are solutions
in whih a salar blak hole emerges. The event horizon emerges at onformal time z = 0, whereas the urvature
singularity emerges later, at onformal time z+ = arctan(H0t+) = arctan(
√
1
c − 1).
In the terms of the onformal time z, the salar eld takes the following form:
Φ = −1
ζ
(c cosψ − cos z)
(c cosψ + cos z)
(97)
We see from eq. 97 that the salar eld blows up at the singularity, but is regular everywhere else, inluding at the
event horizon.
Let us look at energy onditions. The weak and strong energy onditions an be expressed in terms of the energy
density ρ and the prinipal pressures pi evaluated in the rest frame of the spaetime uid [21℄. The weak energy
ondition requires ρ ≥ 0 and ρ+ pi ≥ 0, while the strong energy ondition requires ρ+ pi ≥ 0 and ρ+Σipi ≥ 0. Using
the Einstein equations, we may evaluate ρ and pi from the Einstein tensor:
ρ = −κ−1G00
pi = κ
−1Gii (i = 1, 2, 3)
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FIG. 1: Penrose-Carter diagram for ψ-direted null geodesis. Initial and nal singularities are plotted for c = 0.05 (long dash),
c = 0.2 (short dash), c = 0.4 (ontinuous). The blak hole event horizon is the z = pi− ψ urve, and the gray region z +ψ > pi
is the blak hole region for all solutions with c < 1.
For the metri of eq. 96, this gives
ρ = H20
cos2z
(
3 + c2(11− cos 2z) + 3 cos 2z + 24c cos z cosψ + 2c2 (5− cos 2z) cos 2ψ)
2(cos z + c cosψ)
4 (98)
ρ+ pψ = H
2
0
2c2cos2z (1− cos 2z cos 2ψ)
(cos z + c cosψ)4
(99)
ρ+ pθ = ρ+ pϕ = H
2
0
c2cos2ψsin22z
(cos z + c cosψ)
4 (100)
From eq. 98 it follows immediately that the energy density is positive denite only for small c (c < 1/8) and large
 (c > 24). Furthermore, eqs. 99 and 100 yield ρ+ pi ≥ 0 on all ofM. Thus, the salar eld satisifes the weak energy
ondition on all ofM for c < 1/8 or c > 24. Furthermore,
ρ+Σipi = −H20
cos2z
(
3 (1 + cos 2z) + 24c cos z cosψ + c2(7 + cos 2z + 8 cos 2ψ + 2 cos 2z cos 2ψ)
)
(cos z + c cosψ)4
ρ+Σipi may take both positive and negative values onM, so the strong energy ondition is generally violated on
M.
Finally, let us have a look at the equation of state parameter wi ≡ pi/ρ. Dening u ≡ H20 (cos z + c cosψ)−4, eqs.
19
99 and 100 allow us to write
wψ = −1 + 2c2cos2z (1− cos 2z cos 2ψ) u
ρ
(101)
wθ = wϕ = −1 + c2(cos2ψsin22z)u
ρ
(102)
wi > −1 when ρ > 0. Thus, the weak energy ondition is satised when ρ > 0. We also see that wi → −1 as c→ 0.
This happens when the osmologial onstant is muh weaker than the strength of the salar potential. In that ase,
we saw from eq. 97 that the salar eld is nearly onstant and approahes the Plankian value ζ−1.
FIG. 2: Time evolution of spatial geometry for c = 1/2 (the spatial region ψ < pi/4 has been hopped o). Eah plot shows a
xed-time projetion of the spatial geometry for θ = pi/2. Top left: z = 0. Top right: z = 1. Bottom left: z = 1.25. Bottom
right: z = 1.5. The blak hole event horizon is shown as a blak urve. The top two plots show the spatial geometry before
the singularity has formed. The bottom two plots show the spatial geometry after the singularity has formed.
Figure 2 shows four dierent snapshots of the θ = π/2 projetions of the spatial geometry of the solution. In the
seond plot, the spatial geometry is still regular, but it has an event horizon, shown in blak. In the next plot, the
singularity has formed, and a blak hole has been reated. The protuberane in the middle of the two plots at the
bottom is a spatial region that lies beyond the singularity, and is shown in the Penrose-Carter diagram of Figure 1
as the spatial region to the right of the singularity.
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FIG. 3: Salar eld Φ as a funtion of onformal time z for the two angular positions ψ=0 and ψ=pi/3. The urves are for
c = 1(ontinuous), c = 0.1 (short dash) and c = 10(long dash).
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FIG. 4: Equation of state parameter wψ as a funtion of onformal time z for the two angular positions ψ=0 and ψ=pi/3. The
urves are for c = 1(ontinuous), c = 0.1 (short dash) and c = 10(long dash).
Figure 3 plots the salar eld as a funtion of onformal time z and angular oordinate ψ for three dierent values
of the oordinate c. Figure 4 plots the equation of state parameter w as a funtion of onformal time z and angular
oordinate ψ for three dierent values of the onstant c.
VIII. CONCLUSIONS
In this paper, we generalized two previously known solution generation tehniques for generating minimally oupled
Einstein-salar eld solutions in 4 dimensions (the Buhdahl [9℄ and Fonarev [19℄ transformations). Two generalizations
were made: i) the transformation was generalized to arbitrary dimension, and ii) the new transformation allows vauum
solutions with non-zero osmologial onstant as seed. Thus, we are now able to generate minimally oupled Einstein-
salar eld solutions from vauum solutions with arbitrary osmologial onstant in arbitrary dimension. The only
requirement to a seed solution is that it posesses a hypersurfae-orthogonal Killing vetor eld.
We introdued a labeling sheme that labels all solutions in terms of whether the target solution is invariant with
respet to translations along the Killing vetor eld (lass S solutions) or not (lass T solutions). Furthermore, we
labeled the target solution with dimension N , as well as whether the seed solution has non-zero osmologial onstant
(SΛN , T ΛN ) or not (S0N , T 0N ).
The solutions over new, unknown solutions (T ΛN ) as well as previously known solutions, suh as the solutions
of Buhdahl (S04 ), Fonarev (T 04 ), Feinstein-Kunze-Vázquez-Mozo (T 05 ) and Xanthopoulos & Zannias [13℄ (stati,
spherially symmetri S0N).
The generalization of the Buhdahl transformation to arbtirary dimension is new (S0N ). Using the generalized
Buhdahl transformation, we are able to reapture the extra-dimensional stati and spherially symmetri solutions
of Xanthopoulos and Zannias as a speial ase.
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The generalization that allows us to use seed solutions with non-zero osmologial onstant unovers a new lass
of Einstein-salar eld solutions that has previously not been studied. We apply our solution generation tehnique
in order to study one of the familiy of solutions, generating Einstein-salar eld solutions from the (A)dS4 va-
uum solutions. The resulting Einstein-salar eld solution that omes from transforming the de Sitter vauum is a
two-parameter family of 4 dimensional, inhomogenous, expanding osmologial solutions with R × S3 topology and
exponential salar potential parametrized by two parameters: the strength of the salar potential, W0, and the (pos-
itive) osmologial onstant Λ of the seed solution. By transforming a solution of this kind to the onformal frame
using the generalized Bekenstein transformation, we nd a spatially nite, expanding and aelerating osmologial
solution that is onformally isometri to the Einstein universe R × S3. The solution an be parametrized by a os-
mologial time sale H0, dened by the strength of the salar potential, and the inhomogeneity parameter c, dened
by the ratio Λ/W0. H0 denes the sale of the solution, while c denes the degree of spatial inhomogeneity. Low c
implies that the solution is highly homogeneous. We study null geodesis and nd that for any observer, the solution
has a osmologial event horizon at an angular distane of π/2 away from the observer. The solution has an initial
singularity, whih is a point singularity that vanishes at early times. The solution is then free of singularities until
a nal singularity emerges at late times as a new point singularity. There are timelike and null geodesis that do
not interset any of the singularities. For c < 1, the late time singularity is hidden inside an event horizon. This
family of solutions therefore has the natural interpretation of being expanding osmologies in whih a salar blak
hole is formed at late times. The energy density is positive denite for small c (c < 1/8) and large c (c > 24). The
onformally oupled salar eld satises the weak energy ondition as long as the energy density is positive, while the
strong energy ondition is generally violated.
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APPENDIX A: CONFORMAL TRANSFORMATIONS IN ARBITRARY DIMENSION
Here, we will briey summarize how ertain ovariant quantities transform under onformal transformations. For
a referene, see e.g. [21℄. Let g and g be the metris of two M -dimensional spae-time geometries that are related by
a onformal transformation Ω2 as follows:
gµν = Ω
2gµν
Let fα be an arbitrary ovariant M -vetor. Covariant derivatives transform as follows under a onformal transfor-
mation Ω2 = e2ω:
∇αfβ = ∇αfβ −
(
fβ∇αω + fα∇βω − gαβfλ∇λω
)
, (A1)
where ∇α is the ovariant derivative of the metri g. Reognizing that ∇αU = ∂αU = ∇αU , we may use equation
A1 to ompute how seond-order ovariant derivatives transform under onformal transformations:
∇α∇βU = ∇α∇βU −
(∇βU∇αω +∇αU∇βω − gαβ∇λU∇λω) (A2)
U = gαβ∇α∇βU = e−2ω(U + (M − 2)∇αU∇αω) (A3)
The Rii tensor Rµνtransforms as follows under a onformal transformation Ω:
Rµν ≡ Rµν [g] = Rµν [g] + 2 (M − 2)
Ω2
∇µΩ∇νΩ− (M − 3)
Ω2
gµν∇αΩ∇αΩ− (M − 2)
Ω
∇µ∇νΩ− 1
Ω
gµνΩ (A4)
Writing equation A4 in terms of ω gives:
Rµν ≡ Rµν [g] = Rµν [g]− (M − 2)∇µ∇νω + (M − 2)∇µω∇νω − gµν(ω + (M − 2)∇αω∇αω) (A5)
From equation A4 we an ompute the Rii salar of the transformed metri:
R ≡ R[g] ≡ gµνRµν = Ω−2(R[g]− (M − 1)
(
2
Ω
Ω+ (M − 4)∇αΩ∇αΩ
)
) (A6)
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It then follows that the Einstein tensor
Gµν ≡ Gµν [g] = Rµν [g]− 1
2
gµνR[g]
transforms as follows:
Gµν = Gµν +
3 (M − 2)
Ω2
(
Θµν [g,Ω,
√
1
6
] +
(M − 4)
6
gµν∇αΩ∇αΩ
)
, (A7)
where
Sµν [g, φ] ≡ ∇µφ∇νφ− 1
2
gµν∇αφ∇αφ (A8)
Θµν [g, φ, χ] ≡ Sµν [g, φ]− χ2∇µ∇νφ2 + χ2gµνφ2. (A9)
Here, g denotes an arbitrary metri, φ denotes an arbitrary salar funtion, and χ is an arbitrary onstant.
APPENDIX B: GENERALIZED BEKENSTEIN TRANSFORMATION
The non-minimally oupled Einstein-salar eld ation in dimension N is
S[g,Φ, ξ,Λ, V ] ≡
∫
dNx
√−g
(
1
2κ
(R− 2Λ)− 1
2
∇αΦ∇αΦ− 1
2
ξ2RΦ2 − V [Φ]
)
, (B1)
where ξ is the dimensionless salar-gravity oupling onstant. We have onformal oupling when ξ2 ≡ (N−2)4(N−1) .
Dene ζ2 ≡ κξ. When extremalizing this ation, we obtain the onformally oupled Einstein-salar eld equations:
Gµν [g] =
κ
(1− ζ2Φ2) (Θµν [g,Φ, ξ]− gµνW [Φ]) (B2)
Φ− ξ2RΦ− dW [Φ]
dΦ
= 0, (B3)
where R is the Rii salar of the solution geometry and we have introdued the eetive salar potential W [Φ] ≡
V [Φ] + κ−1Λ.
Let (g, φ,W ) be anN dimensional solution to the minimally oupled Einstein-salar eld equations, and let (g,Φ,W )
be anN dimensional solution to the non-minimally oupled Einstein-salar eld equations with arbitrary salar-gravity
oupling ξ. A Bekenstein transformation (Ω, f) is dened as a onformal transformation Ω2 mapping the metri g
into g and a funtion f mapping the salar eld Φ into φ:
gµν = Ω
2gµν
φ = f [Φ]
Now, let us state, without proof, the generalized Bekenstein theorem in N dimensions:
Theorem 9. For every minimally oupled Einstein-salar eld solution, there are two, and only two, Bekenstein trans-
formations that relate the minimally oupled solution to two Einstein-onformal salar eld solutions. If (g, φ,W )is
an Ndimensional solution to the Einstein-salar eld equations with a minimally oupled salar eld φand a salar
eld potential W , there are two independent solutions (g,Φ,W ), labeled A and B, to the Einstein-onformal salar
eld equations, eqs. B2and B3, given by
gµν = Ω
−2gµν (B4)
Φ =
{
1
ζ tanh ζφ (A)
1
ζ coth ζφ (B)
, (B5)
Ω = |1− ζ2Φ2| 1N−2 =
{
(cosh ζφ)
− 2
N−2 (A)
(sinh ζφ)−
2
N−2 (B)
(B6)
W [Φ] =
{
ΩNW [φ[Φ]] = |1− ζ2Φ2| NN−2W [φ[Φ]] (A)
−ΩNW [φ[Φ]] = −|1− ζ2Φ2| NN−2W [φ[Φ]] (B) (B7)
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